Umklapp- Assisted Electron Transport Oscillations in Metal Superlattices 
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We consider a superlattice of parallel metal tunnel junctions with a spatially non-homogeneous 
probability for electrons to tunnel. In such structures tunneling can be accompanied by electron 
scattering that conserves energy but not momentum. In the special case of a tunneling probabil- 
ity that varies periodically with period a in the longitudinal direction, i.e., perpendicular to the 
junctions, electron tunneling is accompanied by "umklapp" scattering, where the longitudinal mo- 
mentum changes by a multiple of h/a. We predict that as a result a sequence of metal-insulator 
transitions can be induced by an external electric- or magnetic field as the field strength is increased. 

PACS numbers: 72.15.-v; 72.15.Rn 



To design novel electrical conductors in the form of 
artificially structured materials remains one of the most 
important tasks of nanoscience. This is because progress 
in this type of "quantum engineering" may lead to new 
and better electronic devices. Multilayered systems arc 
a widely used material of this type, with semiconduc- 
tor superlattices arguably the most prominent example.— 
Work on semiconductor superlattices with spatially mod- 
ulated properties on the sub-micron scale started already 
40 years ago, following the pioneering work of Esaki and 
Tsui^ The early focus on semiconductors was natural, 
since the de-Broglic wavelength of their conduction elec- 
trons is typically large enough to be comparable to the 
period of then feasible superlattices. Qualitatively new 
effects based on quantum interference phenomena — still 
mostly absent in metal superlattices^ — could therefore 
be predicted and observed.— 

More recent developments have lead to engineered con- 
ductors such as quantum dots, nano- wires, and other 
"nanosolids" , which could be useful components in novel 
superlattice architectures 1^ Here, we focus on nano-wires 
and note that many are good metals with a high con- 
ductivity due to ballistic electron transport. However, 
the de Broglie wavelength of their electrons is typically 
much too small compared to the modulation period a of 
a nano-wire based superstructure for quantum interfer- 
ence effects to occur. On the other hand, we will show in 
this Letter that a prominent interference effect of a dif- 
ferent origin emerges in such structures under the realis- 
tic assumption that fc^a ^ 1, so that the quasi-classical 
approximation is valid and hence the electron energy dis- 
persion can be linearized. 

The two-dimensional (2D) superlattice structure to be 
considered is sketched in Fig. [TJ It comprises a set of ID 
wires coupled by electron tunneling in such a way that 
the probability for tunneling varies periodically along the 
direction of the wires. For this structure we will show 




FIG. 1: Sketch of the considered 2D superlattice, comprising 
an array (period b) of parallel nanowires coupled by inter- wire 
electron tunneling with a periodically modulated tunneling 
strength (period a). 



that when a magnetic field is applied perpendicular to 
the 2D plane — or when an electric field is applied in the 
plane and perpendicular to the wires — a series of metal- 
insulator transitions occur with respect to the inter-wire 
hopping transport of electrons as the strength of the ex- 
ternal field increases. 

In order to understand how an increasing electric or 
magnetic field can induce a series of metal- insulator tran- 
sitions, it is instructive to first consider a single, isolated 
wire, where electrons move freely along the longitudinal 
direction and occupy a ID band of "longitudinal" ener- 
gies. In the transverse direction, they are confined to the 
wire and occupy a single, discrete "transverse" energy 
level. Now, disregard for a moment the longitudinal mo- 
tion and focus on the transverse electron dynamics in a 
set of identical wires, aligned in parallel and each with the 
same transverse level occupied. By switching on a lon- 
gitudinally uniform probability for electrons to tunnel to 
adjacent wires, these previously degenerate energy levels 
will form a band, which allows transverse motion between 
wires. Hence, in the absence of an external field the su- 
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perlattice is effectively a two-dimensional (non-isotropic) 
metal. 

If we now apply a external electric field ^ perpen- 
dicular to the wires, the transverse energy levels will be 
shifted out of resonance so that band motion in the trans- 
verse direction is prevented by Wannier-Stark localiza- 
tion of the electron states.— However, if the tunneling 
probability can be made to vary periodically along the 
wires, the situation is qualitatively modified. This is be- 
cause (i) the longitudinal and transverse motion of the 
electrons can no longer be separated, and (ii) the longi- 
tudinal momentum only has to be conserved modulo HG, 
where G = 27r/a and a is the modulation period. Al- 
though the total energy is still conserved when electrons 
tunnel between wires, energy can now be shifted from 
the longitudinal to the transverse motion in "umklapp 
processes" that involve discrete changes of longitudinal 
momentum. It follows that the transverse energy-level 
shifts can be compensated and band motion restored for 
a discrete set of electric-field values. 

The effect of umklapp-assisted resonant tunneling is 
controlled by the dimensionless parameter cj) = $/$0 7 
where $ = Hcs ab is the flux of an "effective" magnetic 
field ~ {c/vF)\t\ through a superlattice "unit cell" 
of area ah (see Fig.[T]) and $o — hc/e is the magnetic flux 
quantum. The result is the same if instead a magnetic 
field H is applied, except that now $ = Hab. Resonant 
tunneling occurs when cj) = p/q is a rational number {p 
and q are integers) but, as we will discuss below, band 
motion is only possible when (/) is an integer (i.e., for 
q = l). 

In Fig. [5] we illustrate the effect of umklapp-assisted 
resonant tunneling when 0=1 (panel a) and = 1/2 
(panel b). While in case (a) the resonance condition is 
fulfilled for neighboring wires, in case (b) every second 
wire is in resonance and resonant tunneling occurs via 
virtual states on the intermediate wire. In this case con- 
tributions to the total tunneling amplitude from a num- 
ber of different paths through various virtual states have 
to be summed up. The contributions from the two paths 
identified by arrows in Fig. HKb) have equal magnitude 
but different signs (since the two virtual levels have mir- 
ror symmetry with respect to the resonant levels). By 
generalizing this argument one finds that tunneling be- 
tween the resonant levels becomes completely suppressed 
by destructive interference in this case (if direct hop- 
ping between next-nearest neighbors is neglected). In the 
general case of a rational fiux, (f> — p/q, the transverse 
energies are resonant for wires separated by a distance 
Ay = qb, where b is the superlattice period. Although it 
would be quite difficult to explicitly consider the destruc- 
tive interference between all the possible paths for large 
q, we are nevertheless able to prove below that resonant 
hopping is completely suppressed for any (non-integer) 
rational value of the parameter 0. 

We consider an infinite superlattice structure (see 

Fig. [Ij subject to a constant electric field ~^ = —£y- 
In the quasiclassical limit {kpa ^ 1) large momentum 
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FIG. 2: Transverse energy levels involved in resonant inter- 
wire tunneling (thick bars) in three neighboring wires (n, n+l, 
n + 2). The total electron energy is the sum of a longitudinal 
part oc /C (linear spectrum assumed) and a transverse part, 
which (for fixed IC) is shifted from one wire to the next by 
an amount proportional to the dimensionless fiux of an ex- 
ternal electric or magnetic field. Since IC in the periodically 
modulated superlattice system of Fig. [1] is only conserved 
modulo G, energy can be shifted between the longitudinal 
and transverse parts in a tunneling event that conserves the 
total energy. This is why a sequence of transverse levels is 
shown for each wire. For integer values of the fiux param- 
eter, as in (a) where tf) — 1, resonant transmission (arrows) 
between states on adjacent wires are energetically allowed. In 
(b), where (f) = 1/2, resonant transitions occur between states 
on every second wire. The two paths through virtual states on 
the intermediate wire shown (arrows) contribute with equal 
amplitude but opposite signs to to the total transition am- 
plitude, which when all paths are considered turns out to be 
zero due to destructive interference. 



transfers {Ap ~ pp) may be neglected, which justifies a 
linearization of the energy dispersion related to the lon- 
gitudinal motion (in each wire). Also, the Hamiltonian 
may be split into separate parts for left- and right-moving 
electrons, which can be treated independently. Hence, 
the spectrum E (measured from the Fermi level) and the 
stationary wave functions for the problem at hand can 
be found by solving the Schrodinger equation 

-Eo(^i-^ + 2nn4^ifn{x)+ (1) 

v{x) [ipn+l{x) + V3„_i(.t)] = Eipn{x) . 

Here x is the dimensionless coordinate along the wire(s), 
v{x) = ^(a; -t- 1) is the periodic potential responsible for 
electron transitions between the wires, and Eq = hvp/a. 
Equation ([T]) is unchanged if one instead considers a 
superlattice subject to a constant and not too strong 
(see below) magnetic field = Hz. In both cases 
is the dimensionless flux of the relevant external field 
— the magnetic field H or the effective magnetic field 
^^cff = {c/vf)£ — through a unit cell of the superlattice 
structure. 

We will now proceed by solving Eq. ([T]) exactly for an 
arbitrary potential v{x). The first step is to note that 
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according to Bloch's theorem (pn{x) = exp {ilCx)un{x), 
where K. is the (dimensionless) quasimomentum, — tt < 
/C < TT, and Un{x) = w„(x + 1) is a periodic function. 
It is convenient to define the auxihary function = 
Un{x = —1/2). This function obeys the equation, 



u(j)) 



^i{e-K+2irct>p) 



J2e-''^''-"^Jp-n{A)u{n), (2) 



where Jn{x) is a Bessel function, e ~ E/Eq, while A and 
6 are defined through the relations 



En 



1/2 



dyv{y)e^''''l'y = Ae'^ , 6* = 7r/2 + Trt/) + i. (3) 

J-l/2 

Equation ([2]) determines the energy spectrum and the 
wave functions in our problem. The structure of the spec- 
trum strongly depends on the nature of the number 4>. 
If (f> has a non-integer value, the eigenenergies and eigen- 
states are labeled by the three quantum numbers /C, to, 
and r; the quasi- momentum /C and the (integer) band 
index m refer to the longitudinal motion along the x-axis 
while the integer r is related to the transverse motion in 
the y-direction. The dispersion law reads 



EraA^) ^ Eo{]C + 2mn - 27r0r) , m, r = 0, ±1, 



(4) 



The energy-level distribution depends crucially on 
whether or not the noninteger is a rational number. If it 
is a rational number, (j) = p/li one notes that E„i.r{K,) = 
Em+Mp, r+MqiK^) for a given quasi- momentum /C and any 
integer M. This results (for each /C) in a set of infinitely 
degenerate, equidistant energy levels. If (f) is an irrational 
number, on the other hand, the energy levels are homo- 
geneously distributed forming a discrete spectrum that 
is said to be everywhere dense. 

The eigenfunctions can be found from Eq. ^ rewritten 

as 
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and have the same form for both rational and irrational 
values of (j>. Therefore, for any non-integer (j), all states 
are localized near a particular wire, r, within a localiza- 
tion radius i?ioc defined as 
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(6) 

It is remarkable that this result holds even when the flux 
parameter is a (non-integer) rational number, since in 
this case our superlattice structure has translational sym- 
metry in the y-direction. Accordingly, bands of electron 
states with infinite extension in this direction should form 
(see, e.g., Ref. 0). However, even though the transverse 
energy levels of the parallel wires periodically are in res- 
onance, this does not happen. The reason is a fully de- 
structive interference between the probability amplitudes 



for resonant hopping along different paths, as illustrated 
for the special case of = 1/2 in Fig.[21[b)ii 

In case is an integer, not only does the external field 
become effectively periodic in the y-direction but a band 
of extended states also form [i?ioc oo, according to 
Eqs. ^ and ©]• Therefore, in addition to the two "lon- 
gitudinal" quantum numbers /C, to a continuous quasi- 
momentum JC, where — tt < /C < tt, must be used to label 
the transverse motion along the y-axis. The dispersion 
law, which is found from Eq. ([5]), reads 



E,n{IC, IC)=Eo(lC + 27rm + Asm{IC + 9) 



(7) 



Thus, for each pair (/C, m) of eigenvalues related to the 
longitudinal motion, the transverse energies spread into 
a band of width 5E = 2AEq. The corresponding eigen- 
states are of the plane wave type, ^(n) = exp(— i/Cn) 
and, as a consequence, are delocalized in both the longi- 
tudinal and transverse directions. 

The detailed features of the energy spectrum influence 
various physical quantities in essential ways. Here, we 
consider the linear response of the system to a weak ac 
external electrical fleld ~^ {t) = Socoscuty. The interac- 
tion with the fleld adds a perturbation term 'Hint(i) = 
^(int) Qoswt to the Hamiltonian, where 



•HM) = ebSo J2 " / dx<i>l{x)<Pn{x) , 



(8) 



and ^n{x) [^n{x)] is a fleld operator that creates [de- 
stroys] an electron at point x in the n-th wire and obeys 
the standard anti-commutation relations. 

Absorption of the ac electric fleld is proportional to 
the real part of the conductivity cr(w), which in linear 
response theory has the form 



(..1) 



a,/3 



E,. 



Ep — h{u) — iu) 



(9) 



Here v is a phenomenological relaxation rate, L is the 
sample length in the longitudinal direction, f{E) is the 
Fermi-Dirac distribution function, and la^p is the matrix 
element of the current operator 



hN 



J2 / dxv{x) [$|,+i(x-)$„(x) - H.c. 



(10) 



where iV is a total number of wires in superlattice. 

Standard calculations lead to an electrical conductivity 
of the form 



a{uj) 



ab 



h [hvp)' 



(11) 
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27r(ri — (/))— ti^{uj — iv) 27r(n — 0) + io(^ ^ i^) 

where = o-/vf and Vn is a Fourier component of the 
potential v{x). In the low frequency limit, oj <^ v, the 
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FIG. 3: Schematic behavior of the low-frequency transverse 
conductivity, o"(0), as a function of magnetic field fiux $ 
through a unit cell of the superlattice structure shown in 
Fig. [1] $0 = hc/e is the flux quantum. 



electrical conductivity can be approximated as 
ah s-^ , ,T t^v 



^7(0) = Go 



{hvp) 



E 



[2^(n - 0)]2 + {toy)- 



r, (12) 



where Go = 2e'^ /h is the conductance quantum. It fol- 
lows that in this limit the conductivity plotted as a func- 
tion of the number of flux quanta per unit cell in the 
superlattice, has a set of peaks corresponding to inte- 
ger numbers, = 0, ±1, ±2, . . . (see Fig. [S]). The scale 
of the fluctuations are determined by the ratio between 
successive maxima [cr/(0), 4> = I] and minima [(T;-|_i/2(0), 
= / + 1/2] of the conductivity. 
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(Ti+i/2(0) - Gatov{Rxoc/by (13) 



where i?ioc is the localization radius, Eq. (|6]). Hence, if 
t^v <Si 1, the field dependence of the absorption as well 
as the conductivity has a pronounced peak structure as 
schematically shown for the conductivity in Fig. |3l 

In our analysis we have used the Schrodinger equa- 
tion ([1]), which has a linear energy spectrum. For this 
approximation to be valid the longitudinal momentum 
fluctuations associated with umklapp-assistcd resonant 
transmission of electrons between adjacent wires must be 
small on the scale of the Fermi momentum pp. The to- 
tal momentum change due to such processes is restricted 
by the relaxation time ~ l/i', which corresponds to 
coherent tunneling through N^, ^ vtTr/b wires, where 
Vt ^ AbEo/h is the electron velocity in the transverse 
direction. Reasonable estimates for the "tunneling" pa- 
rameter, A ^ 10"'^, and for the superlattice periods, 
a, b 10 /im, give an upper limit of ~ 10 ns for 
a relaxation time consistent with an approximately lin- 
ear spectrum. On the other hand, the criterion that the 



electron motion is ballistic gives a lower limit for the re- 
laxation time of Tr ~ b/vt ^ 0.1 ns. 

An additional requirement for the Schrodinger equa- 
tion ^ to be valid must be fulfilled if an external mag- 
netic field is applied to the system. This is because the 
cyclotron motion of the electrons can be neglected (and 
a term quadratic in H dropped from Eq. ([T|)) only if 



H < 



Ef $0 



Eq 2TTabN^ 



(14) 



For a relaxation time ^ 1 ns this restriction corre- 
sponds to < 6 T. 

The single-particle approach used in our analysis ne- 
glects the Coulomb interaction between electrons. In 
principle, however, a Coulomb blockade of inter- wire tun- 
neling might prevent the formation of extended electron 
states in the transverse direction^ To avoid such a block- 
ade the electrostatic charging energy of the wire, Eei ~ 
e^/L, should be smaller than than width, SE ~ AEq, of 
the transverse energy band. Using our estimates for the 
relevant parameters, this corresponds to a lower limit of 
order 100 /.jm for the length L of the nano-wires. 

Finally we estimate the required strengths of the ex- 
ternal electric- and magnetic fields by noting that a di- 
mensionless fiux of = 1 corresponds to £ ^ 0.05 V/cm 
or H ^ 0.4 T. Such field strengths can easily be applied 
in an experiment. 

In conclusion, we have shown that the transport prop- 
erties of a superlattice comprising a set of parallel metal- 
lic nano-wires coupled by tunneling in such a way that the 
tunneling probability varies periodically along the wires 
drastically differ from the predictions of linear transport 
theory. In particular, an electric-field induced sequence 
of metal-insulator transitions gives rise to a highly non- 
linear current-voltage characteristics, while the sensitiv- 
ity to a magnetic field leads to large-magnitude oscilla- 
tions of the magneto-conductance. Importantly, these 
phenomena are manifest in comparatively weak exter- 
nal fields. Hence, in relatively weak fields interference 
phenomena give rise to pronounced mesoscopic features 
in the transport properties of the studied metallic su- 
perlattices. Such superlattice structures could, e.g., be 
realized using arrays of nanowires similar to those that 
have been proposed for memory^ and mechanical single- 
electron transistor— applications. 
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